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Forced motion of a rectangular beam whose thickness, density and elastic properties
along the length vary in any number of steps is analyzed by the eigenfunction method using
shear theory. A beam of two steps, clamped at both the edges and subjected to constant
or half-sine pulse load is considered as an example problem. Numerical results computed
for transverse defection are compared with those of classical theory.
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1. INTRODUCTION

The free vibration of stepped beams has been analyzed by many researchers [1-13]. Filipich
et al. [14] have considered the transverse vibration of a stepped beam subjected to an axial
force and embedded in a non-homogeneous Winkler foundation. Bepat and Bhutani [15]
have analyzed the free and forced vibration of stepped systems governed by a one
dimension wave equation with non-classical boundary conditions. The authors are not
aware of any paper on forced motion of beams of stepped thickness except that of the
present authors [16].

In the present paper, the effect of transverse shear and rotatory inertia on the forced
motion of a rectangular beam whose thickness, density and elastic properties along the
length vary in any number of steps, is analyzed. The beam is assumed to be made up of
n beam elements joined edge to edge and having in general different constant thickness,
densities and elastic properties. Their free vibrations are considered using shear theory. The
forced motion is analyzed by the eigenfunction method [17]. A beam made up of three
beam eclements, clamped at both edges and subjected to constant or half pulse load is
considered as an example problem. The variations in lengths, thicknesses and densities of
the elements are taken in such a way that the total length, average thickness and average
density of the beam remain constant. Numerical results computed for the transverse
deflection for various parameters of the beam are compared with those of classical theory.

2. EQUATION OF MOTION

An isotropic beam of breadth » and length a whose thickness, density and elastic
properties along the length vary in steps is considered. The beam is defined by Cartesian
co-ordinates by setting the x-axis along the length, the y-axis along the breadth, the middle
plane of the beam in the plane z = 0 and the two edges in the planes x = 0 and x = a.
The beam is assumed to be made up of n beam elements joined edge to edge with their
middle planes lying in plane z = 0. The breadth, length, thickness, density, Young’s
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modulus and Poisson’s ratio of the kth element (k =1, 2, ..., n) are taken as b, ax, h,
o, Er and v, respectively and it lies from x = x;,_; to x = x; where xy — X, 1 = a, X0 =0
and x, = a. Some of the thickness profiles of the beam along the length are shown in
Figure 1.

The equations of motion of the beam elements according to shear theory are taken as
[E: B J12(1 — vD)Wiser — (K Ex By 200 + vi)]l (Wi + Wioe) — o1 B i u = 0,
K, Exhic [2(1 4 vi) (Wi + Weow) — pic i Wi + pic (x, 1) = 0,
<x<x, k=1,2,...,n (1)

xkl

where wi, Y, pi, t and K, are the transverse deflections, rotations of the normal to the

middle plane of the beam, loads per unit length, time and shear constant, respectively. A

comma followed by a variable suffix denotes differentiation with respect to that variable.
Making the equations (1) non-dimensional,

Ty — Lic Wi+ Wiox) — (0 Hi 120, = 0,
L Wiox + Wixx) + ye He Werr + Po (X, T) = 0, X, 1 <X<X, )
where
X = Xx/a, Xi = xx Ja, H, = Iy /a, Yk = Pk /P> e = E; |E, P, =p |E,
T=tJEl(p.a®), L=eH 1200 =), Li=KeH 2(1+v), Xo=0,
X, =1

p. 1s the average density of the beam and E is the Young’s modulus of some standard
material.

3. FREE VIBRATION ANALYSIS

3.1. SOLUTION
For free vibration one takes

Wi (X, T) = Wy (X) &7,y (X, T) = gy (X) 67 (3)
a, a,
A Y
04+-—-—-1 B!‘ ,,,,,,,,,,, J— ﬂn,i, L » X
DA T .
- Xn-1 .
v Xn g

Figure 1. Thickness profiles of the beam.
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and by substituting in equations (2) after putting P, = 0 one gets,
L Wigoxx — L Wy + Wigox) — (0 Hi12)QF Yy = 0,
Li Wi, x + Wigoxx) + 7y He Wiy Q7 = 0, 4)

where Wy, Y are the mode shape functions and @, is the circular frequency for the jth
normal mode of free vibration.

For the sake of convenience, by suppressing the subscript j in the free vibration analysis
and putting (W, ) = (Wi, i) €Y in equations (4) and then eliminating W, and  from
them, one gets

12Lk I/( /l? + Vi H/‘» (LA Hf + 12[/‘)921/3 + Vi Hk ('))/( H/z Qz — 12Lk)92 =0. (5)

If A} and — /3, are the roots of equation (5), then the solution of the equations (4) can
be taken as

Wi (X) = G (X)Di, Y (X) = Si (X)Dx, (6)
where
Di=[dw du dy dul, Gy (X) =[cosh Ax X sinh Az X' cos Ay X sin Ay X],
S (X) =[Cysinh Ay X Cyecosh Ay X' Cyosin Ay X' — Cy 08 Ay X,
Cuw= —[Li 2 + 9 He @/ Li A, Co = [Li A3 — e He Q%)L 2.

D, is the vector of mode shape constants and the prime denotes the transpose of a
matrix.

The continuity conditions between the line elementsat X = X, ;k=1,2,...,n— 1can
be taken as
W, (X)) = Wi (X0), Ve (Xi) = Y (Xp), L, (Xi) = L, x (Xi),
L/ {WfaX (X'/() + l/// (A//\)} = L/( {VI//\’)X (Xk) + l///\' (Xv/()}, (7)

where / =k + 1.
From equations (6) and (7) one gets

D, = AYDy, AY = A7 (XA (X0), 8)
where the matrices A4, (X;) and A4, (X;) are given by
A (X)) = [Ge (Xi) Sk (Xe) LSk (X)) Li {Grx (Xi) + Se (X0)}]',
A (X)) =[G (X)) S/ (X)) LS/ (Xe) L {Grx (Xi) + S, (X)) )
From equation (8), one gets
D, = BD,, BO = AOACD - 4O = [p0), . (10)

In this way the 4n constants arising in solutions (6) reduce to 4. It can be seen that if
the thicknesses, densities and elastic properties of the » beam elements are taken as the
same, the matrices 4 and B reduce to unit matrices and the whole problem reduces to
that of a uniform beam.

3.2. EDGE CONDITIONS
The beam is taken to be clamped at both edges, for which the conditions are

Wi (0) =y, (0)=W,(1)=y.(1)=0. an
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3.3. FREQUENCY EQUATION
Using relations (10) in solutions (6) and then putting them in conditions (11), we get

dy+ dy =0, Cidy — Cydy =0,
sudi + Sindy + s dy + siadn =0, Sudin+ Sndy+ Sndy+ Sudan =0, (12)
where
s:=G (D [Plxr, 2 =8 1) [P, r=1,2,34 (13)

For a non-trivial solution of equations (12) the determinant of the coefficient matrix
must vanish, which gives rise to the following transcendental frequency equation

(Ci1 821 + Co1 822) (513 — 811) + (Ch1 814 + Co1 821) (521 — 523) = 0. (14)

The denumerable infinity of roots of this equation for given dimensions, densities and
elastic constants of the beam elements are frequencies €; of various normal modes of free
vibration of the beam.

3.4. ORTHONORMALITY CONDITION

The orthogonality condition for normal modes of free vibration of the beam can be
obtained as

> vk HkJ' \ [12W; Wiy + Hi i iy] dX = 125, (15)

Xk —1
where §; is the Kronocker delta and summation over k is taken from 1 to n.

3.5. MODE SHAPES

Since out of the four equations (12) only three are independent, one solves first three
of them to get D, in terms of dy. This is substituted in equations (10) to get D, and D;
in terms of dy. These are then substituted in solutions (6) to get the mode shapes as

Wi(X) =Gy (X)[en ex ex ex]dn, U (X)) =Sk (X) [en en exn ew]dy,
Xeo X< X, k=1,2,...,n. (16)
where
d = (Cy $12 + Cii 514)/Cri (s11 — $13)s e = —d, en = Cy [Ch, ey =d,
en=1,  ey=dbR—bY)+ (Ci bl + CubP)/Ch, ¢=1,2,3,4 (17

To get di, normalization condition (15) is used to give
& = 1Y [Fe (X0 — F (X)), (18)

where
Fo (X) = 3 He Lfue X + for sinh 22y X) + foc sin (2 X)
+fu cosh (24 X) + f5 cos (222 X) + ax [cosh (A X){ for sin (A X)
+f cos (Au X) + sinh (i X){ far sin (Ao X) + for cos (Ao X)}]], (19)
a = 2/(A% + 23), 20 fix = iy (65 — €3) + hox (€3 + ex),
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420 fu = ha (€3 + e3), Ao foe = har (€3 — €3r), 20 far = ha ew ex,
2 fs = —hay e eq, Joo = 1281 + hsi gors S = 12g3 — hsi gur,
oo = 12gu + hsi g, Jor = 120 — hsi gurs gk = Ak ex eay + Aoy e €3,

& = )~lk €k €3k — /12/( €2k Cup g3k = )»1/( €2 €3k — /121\' €1k Car
Gak = A €k ar + Aoy e e, he = (12 — H; C}), hy = (12 + H: C3),
hy = (12 + Hi C), hy = (12 — H: C3), hs, = Cy Cy Hi. (20)

4. FORCED MOTION ANALYSIS

A solution of the forced motion equations (2) subjected to the continuity conditions (7)
and edge conditions (11) is assumed to be

Wi (X, T)= Z Wi (X)g; (T), b (X, T) = Z iy (X)g; (1),

X <X<Xe, k=1,2,...,n, @1

where the summation over j is from 1 to co. By substituting it in equations (2) and using
equations (4), one gets

Y H Wy (g + Q g) =P (X, T), Y O Hi 120, (g, rr + 27 g) = 0. (22)

Using equations (22) and the orthonormality condition, one gets

gi,rr + 9,2 g =G;(T), (23)

where

G (T)=Y J P, W, dX. 24)

k-1

The solution of equation (23) is

Qg (T) =g (0)cos (& T) + g,r (0)sin (& T) + fT G; (1) sin {Q; (T — 1)} dr, (25)

where

X

gi(o)=ZVkaJ

We(X,0WydX,  g,r(0) =Yy He J Wi,r (X, )W, dX. (26)
If the initial conditions are taken as
Wk (Xa 0) = WkaT(Xa 0) = Oa
then

g (0)=g.r(0)=0. @7



816 A. P. GUPTA AND N. SHARMA

4.1. LOADING CONDITION

The following two types of external loads uniformly distributed over a portion of each
beam element are taken:

4.1.1. Constant load (CL)

P (X, T) = Py [UX — &) — UX = n)lUD)/Y (1 — &)

Xk—l<6k<nk<Xka k=1723--'sn' (28)
where P, is the total load on the beam.
G; (T), evaluated after substituting from equations (16) and (28) in equation (24), is
substituted in equation (25) and the condition (27) is used, to get

& (T) = P;[1 — cos (@ 7))/, (29)
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Figure 2. W, versus T for CL for various values of f5, and o; , shear theory; ------ , classical theory; (a)
o = 1'3, h=&= 1'0; O,ﬁz = 0'4;*, ﬂz = 1-6. (b) o =07 h=&= 1'0; O,ﬁz = 0'4; *, Bz = 1-6. (C) [3: = 1'3,
h=6=10;0,0=04 %, 0=16.(d) =07, 0=6=10; O, oo =04; 0o = 1-6.
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where
Pi= P z [r () — P (fk)]/z (1 — &),

b1y (X) = duy; [{ew sinh (L X) + exy cosh (A X))}/
—+ {63/(_,' Sin (121\»,' X) — Cuj COS (221\»,' X)}/;sz,] (30)

4.1.2. Half sine pulse load (HL)

P (X, T) = Py [UX — &) — UX — n)l{1 — U(T — 1)} sin (xT/t)/ ). (e — &)

Xoo<&<m<Xe, k=1,2,...,n. (31)

where ¢, 1s the duration of HL.
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Figure 4. W, versus T for HL for various values of f, and a.. Key as Figure 2.

By proceeding as above, one gets

Pt [nsin (1) — Q tysin (nT/0)]/[Q (> — Q 17)], when T<t
& =2p,mr, [sin {Q (T — 1, /2)} cos (@ 1, DY (0 — @ £)). when  T>1,(
(32)

The substitution of unique mode shapes W;; given by equations (16) and (18) and g; (T)
from equation (29) or (32) as the case may be, gives the transverse deflection W, (X, T)
for forced motion.

5. RESULTS AND DISCUSSION

The variations in lengths, thicknesses and densities of different beam elements are taken
in such a way that the total length, average thickness and average density of the beam
remain constant, thus

Ol = A /al, ﬁkth //11, 5k=pk /,01- (34)

Now Xay,=a or a2y =a or X,=1/Zq, and X, =X\ Z¥_,o; Za, i = ah, or
a, hy Xoy By = ah, or Hy = H, [(X\Zoy fr) and H, = H, Bi, where &, is the average thickness
of the beam and H, = h, /a; Xa hy px = ah, p. or yy = H, |(X\ H, Yoy Hy 0x) and y, = y, Oy
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Figure 5. W, versus T for HL for various values of d, and &. Key as Figure 3.

Numerical results are computed for the transverse deflection parameter W,
= (Wi /Py).-os for a beam made up of three beam elements whose first and third elements
are identical i.e., for o3 = /3 = 0; = &3 = 1, by taking vy = v, =v; =03 and H, = 0-1.

The frequencies 2; are computed by the bisection method up to an accuracy of five
decimal places and the series of W (equation (21)) is summed to the first ten terms which
gives an accuracy of four decimal places.

The graphs of W, versus T for CL and HL for various values of f,, a,, d, and ¢, are
plotted in Figures 2-5 for shear theory as well as for classical theory. It can be seen in
all cases, that the magnitude of W, at the first peak and the time of attaining the first peak
is higher in shear theory.
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